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On the Calculation of Moments of Polygons

Carsten Steger

Abstract—This paper describes a method to calculate various shape features, namely the area,
center of gravity, and second order moments, from polygons that enclose a region of the two-
dimensional space. Contrary to most approaches, which compute these features from discrete
pixel data, here they are calculated by solely using the points of the enclosing polygon, which
may be sub-pixel accurate. This has two main advantages. Firstly, since the precise points of the
boundary of the shape are used the resulting features will be computed with maximum accuracy.
Furthermore, since the boundary typically consists of much less points than the whole region
the procedure is computationally more efficient.

1 Introduction

A problem that frequently occurs in image processing tasks is to calculate the area, centroid
(center of gravity), and (centralized) second order moments of a region in an image. These are
important shape features in itself. For example, they can be used to fit elliptic curve segments
to extracted contours [8]. Often they are also used to compute the dominant directions and
approximate diameters of a region. These in turn are important for camera calibration tasks, for
example, where they can be used to determine approximate values for some parameters of the
exterior orientation, and thus to obtain good starting values for the calibration procedure [6].
The area of an arbitrary regidris given by

a://ldxdy, Q)
R

its centroid by

ap = l//Jltdycaly 2)
@R
1
Qy = a//ydxdy, 3)
R
and its second order moments by
Ogy = l//31:2cl.7cal;g 4)
@R
1
Qgy = 5//xydxdy (5)
R
1
Qyy = 5//y2dxdy . (6)
R



If the first order moments, anda,, are known, the centralized second order moments are given
by

pee = - [[ (-0 drdy @)
R

oy = = [[ o= @)y — ) dedy ®
R

i = [[ =y drdy (©)
R

It is unnecessary to compute these explicitely, however, since they can easily be obtained from
the normal second order moments by

Haez = Ogg — a?g (10)
Hay = Olgy — Qz0Y (11)
Hyy = Qyy — O‘?; . (12)

Usually, the regionk will be discrete, i.e., consist of a set of pixels, each of which has an
area ofl. The integrals in the equations above can then simply be calculated by summation
over the regionkR. However, if regions are extracted by a sub-pixel precise feature extraction
algorithm, e.g., by the line detector given in [7], only the closed boundarythe region is
known, usually as a sub-pixel precise contour, which can be regarded as a polygon. Therefore,
the equations above cannot be applied to calculate the moments. There are two obvious solu-
tions to this problem. The first one is to discretize the regdibto the pixel raster, which is
undesirable since the sub-pixel accuracy is lost. The second one is to triangulate the polygon,
and to calculate the moments by computing them for each triangle, which can be done easily,
and to add up the results. However, triangulation is a costly operation, and therefore a scheme
that only uses the points on the polygeto compute the moments is highly desirable.

2 Mathematical Tools

A way to solve the problem stated above is to apply the powerful result of Green’s theorem,
sometimes also referred to as the Green formula, the Gauss formula, or the Stokes formula. This
theorem lets us compute the integral of a function over a sub-doRafrthe two-dimensional

space by reducing it to a curve integral over the bordef R [1, Section 3.1.13.1]. More
formally, it can be stated as follows: L&Yz, y) andQ(x, y) be two continuously differentiable
functions on the two-dimensional regidt) and leth(¢) be the boundary oR. If b is piecewise
differentiable and oriented such that it is traversed in positive direction (counterclockwise), an
integral over the regio®? can be reduced to a curve integral over the boundarfy R in the

following manner:
oQ OP

//%_@dxdyzfpdxﬂgdy. (13)
i b

It is obvious that to compute an integral of an arbitrary funcim, y) overR, as is the case for
the momentsF'(x, y) will somehow have to be decomposed intB/dy andoQ)/ox. Itis also



obvious that this decomposition cannot be unique. Therefore, the choice of the decomposition
is essentially arbitrary.

The integral on the right side of (13) is a general curve integral. It is defined as follows [1,
Section 3.1.8.4]: Leb(t) = (x(t),y(t)), t € [t1,t2] be a curve, and lef(x,y) be a continu-
ous function. Then the following two curve integrals exist and can be transformed to definite
integrals:

[H@wpyde = [ flat),y@)a@ (14)
b t1
[1@wdy = [ @y . (15)

b t1
Furthermore, leP(z, y) andQ(z, y) be two continous functions. The general curve integral is
then given by [1, Section 3.1.8.3]:

/P(x,y) dr + Q(z,y) dy = /P(x,y) dw+/@(w>y) dy . (16)
b b b

Curve integrals have some important properties, which will be useful in later sections: Let
bi(t), t € [t1,to] andbs(t), t € [ta, t3] be two curves with (t2) = by(t2), and leth = by U bs.
Then the curve integral ovércan be calculated as follows:

[ fayydo = [ fay)de+ [ 1 y)dy (17)
b by ba

Furthermore, if the direction of the curve is reversed, i.&/, g the reverse df, the sign of the
integral changes:

[ fayyde =~ [ flay)do . (18)
b b

3 Application to Closed Polygons

We now have all the tools at hand to compute the momenigloyf just using the points on its
borderb. Before we can apply these tools, however, we need to consider how we can parame-
terizeb(t).

A closed polygoryp with pointsp; = (x;,v;), i € {0,...,n}, andp, = p, bounding a
region R in the two-dimensional plane can be regarded as a piecewise lineartcuviaech in
turn can be regarded as the uniomdfne segments

b(t) = U bz(t) ) (19)

whereb;(t), ¢ € [0, 1] is given by

bi(t) = pi—1 +t(pi — pi—1) - (20)



Hence it follows that the coordinate functions and their derivatives needed to calculate the curve
integral are given by

zi(t) = @i+ t(zi — zi1) (21)
vi(t) = Yi1 +t(yi — yi1) (22)
zi(t) = wi—xi (23)
y;(t) = Yi—Yi-1 - (24)

Therefore, any general curve integral along a polygoa b(t) can be calculated in the
following manner:

/de+Qdy=znj/de+Qdy . (25)
b

i=1 b;

4 Calculation of Moments

The area of a region is given by (1). In order to apply (13) we need to decompate)() /Ox
andoP/0y. Purely for reasons of symmetry we choose

o 1 oP 1
— — = 2
or 2 and oy 2 (26)
HenceP(z,y) = —y/2 andQ(z,y) = x/2. Therefore, the area of a regionR can be
calculated as follows:
1 1
a = //1d:pdy://§— (—é)dxdy
R R

1 1 1
= /—aydx+§xdy—§/xdy—ydx
b b
1 1
= ab/xdy—ab/ydx. 27)

By (25), each of the two integrals in (27) can be calculated as the sum over the curve inte-
grals along the line segments of the polygon. For the first integral each term of the sum is given

by:
/xdy =

b;

= —(xis1+2)(Yi —vie1) - (28)



By a similar calculation, each term of the second integral is given by:
1
[yde = / (1)) (1) dt
b;

1
= /yz 1+ (Y — yim1)) (2 — ) dt
0

%(yil + i) (@ — xi1) - (29)

Hence, each term of the sum is given by:

1
/xdy —ydr = 5((901‘—1 + ) (Y — Yie1) — Wi +vi) (2 — 221))
b;
1
= 5(95%1% — T 1Yi-1 T Ty — TilYi1

— T + Ti1Yio1 — T + Ti1Y;)
= Ti—1Yi — LiYi-1 - (30)

Therefore, by (25) and (30), the area of a polygon can be calculated as

1 n
= B Z»’Uiflyi — TiYi-1 - (31)
i=1

It should be noted that this equation only holds if the polygancloses the regioR coun-
terclockwise. However, from (18) and from the antisymmetry of (31) it is obvious that only
the sign of the area changespienclosesk clockwise. Hence we have a simple criterion to
decide whether the result of (31) is valid, namely the siga.df « is negative every calculated
moment needs to be multiplied byl.

We now turn to the calculation of the first moments, or the centroid of the regioBe-
cause the calculations become more lengthy for these features, the exact derivation is given in
Appendix A. We will only present the final results here.

According to (2), for the first moment, there seems to be a preferred direction. Therefore,
we decompose into 0@ /0x anddP/dy as follows:

0Q oP

r =0 and a—y:—x. (32)

HenceP(x,y) = —xy andQ(x,y) = 0. Therefore,

1 1
oy = —//xd:pdy:—/—xyd:p
a a

1 n
= 6_ Z (i1 + 7)) (Tim1ys — TiYi-1) (33)



Analogously, fora,, we chooseP(z,y) = 0 andQ(x,y) = zy, and obtain:

1 1
a, = a//yd:pdyza/xydy
b
1 n
= 6_2 Yie1 + Yi)(Tic1Yi — TilYio1) (34)

The final features to calculate are the second moments. Again, only the final results are
given here. The detailed calculations can be found in Appexdix B. Let us first comsider
Analogously to (32), we choose the following decomposition®of

0Q or

Hence,P(z,y) = —z%y andQ(z,y) = 0. Therefore,

Oy = //x dxdy——/ —z?ydx

N 12al. (s + g+ ) o) (36)

By the same line of reasoning we choaBér,y) = 0 andQ(x,y) = xy? for a,,, and
obtain:

1 1
Qyy = 5/ yzdxdy:a/xyzdy
R b

1 n
= 15 (%2_1 + Yi-1Yi + y?)(l’z'flyi — TYi-1) - (37)
12a =

For the mixed moment,,, there is no preferred direction, similarly to (26). Therefore, we

choose 00 1 op .
5~ 3% and En = 5%y (38)

as the decomposition afy, and haveP(x,y) = —zy*/4 andQ(x,y) = x*y/4. Therefore, the
mixed second order moment is given by

1 1
Oy = a//xydxdy:—@/xy dx—l——/x ydy
R

1

= a (2xi-1Yi—1 + Tic1Yi + TiYio1 + 229:) (XY — TiYio1) - (39)
i=1

5 Examples

Let us now demonstrate that the moments calculated by only considering the jpadhthe
enclosing polygon yield correct results. Consider the rectangle given by (2,0), p; =



(8,8)

(0,4) (10,4)

(2,0)
Figure 1: The rectangle used in the example

(10,4), po = (8,8), andps = (0,4). In order to be able to compute the moments by the
formulas drived above, we need to introduce an additional pgist p, to close the polygon.
Figure 1 displays this rectangle.

From the geometry of this rectangle it is obvious that 40, and that the centroid is
(o, o) = (5,4). Hence, we will not derive these values by integration. The second moment
o, €an be calculated as follows:

1
Oy = —//xzdxdy
a
R

2 z/2+4 8 x/2+4 10 24—2z

1
= —</ / x dxdy—f-/ / x dxdy+/ / x d:pdy)
@ 8 z/2—1
x/2+4 24—2x
) dz + /(:CQy ) dx)
y=4—2x y=x/2—1

x/2+4
) dz + /(xzy
y=x/2—1 2

1
z%( x+4 ) — 2%(4 — 22) dx+/ :E+4)—x(2x—1)dx

o
.J;
w
8

10
1
+ /x2(24 —2x) — x2(§x -1) dx)
8

(DG (3B

—40\\8" |o 3 2 8 3 Is
2

= 30- . 40
- (40)

Similarly, we obtain

Oy = 22 (41)



2
0y = 18- . (42)
3
We now calculates by using (31):
1
a:5(2-4—1O-O+10-8—8-4+8-4—0~8+0-0—2-4)=4O . (43)

Therefore, the area computed by using (31) yields the correct result with much less computa-
tional effort. Furthermore, we can see that the rectangle is indeed oriented counterclockwise
sincea > 0.

For o, andey,, by (33) and (34) we have

oy = 6—2((2“0)-(2.4—10-0)+(10+8)-(10-8—8-4)+
(84+0)-(8:4—0-8)+(0+2)-(0-0—2-4))
5 (44)

= 4. (45)

Again, (33) and (34) yield the correct results with much less computational burden.
To calculater,, anda,, we use (36) and (37):

1
Cpw = E((22+2.10+102).(2.4—10-0)+(102+10~8+82)-(10-8—8-4)+
a
(824+8-0+0%)-(8:4—0-8)+(0*+0-2+2%)-(0-0—2-4))
2
= 30 46
3 (46)
Qyy =
2
= 18- . 47
3 (47)

Fora,, we obtain by (39):

1
gy = J((2'2'0+2'4+10'0+2'10'4)'(2'4_10'0)+
a
(2:10-4410-8+8-44+2-8-8)-(10-8—8-4) +
(2-8:848-440-8+2-0-4)-(8-4—0-8)+
(2:0-440-042-442-2-0)-(0-0—2-4))
— 922 . (48)

Again, for the second order moments (36), (37), and (39) yield the correct results. The central-
ized second order moments are given by:

2 17

fog = Opp— Q2 = 30§ —25 = 3 (49)

Loy = Ozy — 00y, =22 —20=2 (50)
2 8

[y = Quy— oo = 182 =16 = (51)



From these, according to [2, Appendix A] we can compute the parameters of an ellipse
with the same second order moments by calculating the eigenvalues and eigenvectors of the
following matrix:

1 Hyy — —Hay ) 3 < 8 —6 )
= . 52
4(/'Lxx,uyy - ,u?;y> < — My Mo 400 -6 17 ( )

The eigenvalues are given by the solutions of

88— —6
—6 17—\

‘:(8—)\)(17—)\)—36:>\2—25)\+100 : (53)

Hence,\; = 5 and ), = 20. Therefore, the corresponding major axes of the ellipse have the
following lengths:a = 2/(,/5 - 3/400) = 8,/5/3 andb = 2/(,/20 - 3/400) = 4,/5/3. The
directions of the major axesandb are given by(2,1) and (1, —2), respectively, as is easily
obtainable by calculating the corresponding eigenvectors. Thus, the dominant directions of
this region were obtained correctly. Obviously, this can be done much easier for a rectangle.
However, the approach is valid for arbitrary shapes, as the next example shows.

Figure 2(a) displays a calibration target and Fig. 2(b) the upper-rightmost calibration mark
[6]. From this mark edges were extracted with sub-pixel precision by extracting bright lines
in the gradient image [7]. Figure 3(a) displays the resulting edges. In this exartpledge
points were found, leading to a closed polygon witR line segments. From these edge points,
the moments of the extracted shape can be calculated as

a = 566.32474

a, = 26.40761
a. = 28.17205
a,, = 770.99165
e = 729.00953
Qe = 824.30414
[ = T73.62978
e = —14.94700

e = 30.63971 ,

wherer andc denote the row and column axis, respectively. According to [2, Appendix A],
the corresponding ellipse with the same moments has a major axis of leagth.39849, a

minor axis ofb = 20.37789, and the angle of the major axis to the column axis is given by
p = 72.59321°. Figure 3(b) displays this ellipse superimposed onto the extracted edge points.
As can be seen, the difference is hardly noticeable.

6 Conclusions

This paper has presented an explicit method to calculate the moments of arbitrary closed poly-
gons. Contrary to most implementations, which obtain the moments from discrete pixel data,



(b)

Figure 2: A calibration target (a) and one calibration mark (b).

(a) (b)

Figure 3: Extracted edges (a) and ellipse with the same moments (b).

in this approach moments are calculated by solely using the border of a region. This means

that moments of sub-pixel precise features can be computed without loss of accuracy. Fur-

thermore, since no explicit region needs to be constructed and because the border of a region
usually consists of much less points than the entire region, the approach is very efficient. The

presented algorithm will be used in the vision system described in [3, 4, 5] to approximate edges

by straight lines and ellipse segments using an approach similar to [8].

10



A Calculation of the First Order Moments

The integral fora,, in (33) can be decomposed into a sum by (25). Each term is given by:

/ _ryde = — /1 i () () 2(8) dt

b;

= - /(fﬂz’fl + (@i — xio1))Wie1 + HYi — yio1)) (@ — @i-1) dt

1

= —(x; —xi1) /xi—lyz‘—l + (@i (Y — Yi1) + Yio1 (v — 221))
0

+ % (2 — xi1) (i — yio1) dt

1
= —(x; —xi1) (tlﬁilyil + 5752(1}‘3/#1 — T 1Yio1 + Tic1Yi — Ti—1Yi-1)

1 >
t=0

14
+ ST 1Yio1 — T — TiYio1 + TiY;)

3
- ) i—1 i—1Yi—1 i—1Yi—1 9 i—1Yi 9 iYi—1
. 1 1 1 . 1 )
FLi-1Yi—1 — STi—1Yi — 5 TiYi— 3 LiYi
3 1Yi—1 3 1Y 3 Yi—1 3 Y
( )<1 n 1 n 1 + 1 )
= & = L)\ gTi-1Yi— 1Y T S Tili— 2 LiYi
1319161y6y139
1
= —6(%‘ — i) (i1 2yt + i) + 2(yioa + 2u1)) (54)
Therefore, we have
1 n
U = —& (i — xic1) (i1 (yim1 + vi) + zi(yiz1 + 2y5)) - (55)
i=1

If we take a closer look at this equation we see that some terms in each term of the sum cancel,
while some terms telescope, i.e., cancel in consequtive terms of the sum. Thus, the equation
can be simplified to:

1 n
Qy = @ Z(xi—1 + xz‘)(ffz‘—lyi - xiyz‘—l) . (56)
i=1

The calculation ofy, proceeds in a completly analogous manner:

/xydy =

b;

wi(t)yi(t)y;(t) di

o —_ _

= - /(xifl + f(ib"i - xz’fl))(yifl + t(yz' - yH))(yz' - yH) dt
0
= é(yi = Yim1) (Yim1 (22im1 + i) + yiTio + 225)) (57)

11



Therefore, after eliminating canceling and telescoping terms, we have

n

1
Oy =& Z(yi—l + i) @iy — TiYio1) - (°8)
1=1

B Calculation of the Second Order Moments

According to (36), we have

/—nydx = —

b;

x; (t)y(t)z;(t) dt

(Tio1 + (i — 2i21)) (Yim1 + (s — yior)) (@5 — 2i21) dt

o O

1
= —([L‘Z — l’i_l) /(l’?fl + 2th’Z‘_1(ZL‘Z‘ — ZL‘Z‘_l) + tz(l‘z - IL‘Z‘_l)z)
0

(Vi1 +t(yi —yi1)) dt
1

= —(Ti—xi1) /x?—wz’fl +tx? (Y — yio1) + 20w (2 — o) Y
0

+ 2622y (2 — 2im1) (Vi — Yior) + (20 — 2i21)*Yia

+ (2 — x1) 2 (yi — yia) di
1

= —(xi —2i1) /%2_1%—1 (el gy — oY+ 2Ty — 22 1Y)
0
+ 1222125y — 2051 XY — Qx?_lyi + 2510?_1%—1
+ @Y1 — 2% XY + T Y1)
+ 3 (27y — 2w 1wy + T Y — T Y1+ 2T 1Ty
- xzzflyi—l) dt

1
= —(zi—xi1) (txzz—lyi—l + 5752(_3%2—11%‘—1 + %2—1%‘ + 22 12yi1)

1
+ §t3(3x?—1yi—1 — 227 1y — Az g3y + 22120

+ 27Yi-1)
—I—lt4(—$2 . + 2 . Q1. /. — 9. /.
1 i—1Yi—1 T T4 Yi T 2012y Ti—1%3Y;
1
— Y1 + T7Y;) )
t=0
3 1
= —(z; —xi1) (95?1%1 - 595?713%—1 + 5371271% + T2y + 95?43%—1
2, 4 2 1,
- 3xi—1yi - 3$i719€z’yi71 + 3xi71xiyi + 3117@- Yi-1

12



1 1 1 1

- Z‘r?—lyz‘—l + 4xz 1Yi + 21'2 1T3Yi—1 — 9

Lo 1o )
T:Yi— T;Yq
4zy 1 4 Y

1 1 1 1
= —(zi—xi1) (15512_1%1 + El’?—ﬂ/i + gxiflxiyifl + glviql“iyi

ZTi—1TY;

b2y 4l )
12 Tiyio1 gty

1
= —(z; — - 1)(%2—1(3%‘—1 +vi) + 2212 (Yio1 + ¥i)

12
+ 27 (Y1 + 3yi)) - (59)
As was the case above for the first order moments, some of the terms cancel and some telescope.
Therefore, we have
1 n

— (.’L’?fl +x;,_1x; + .’L’Zz)(l'z,lyZ — .’L’Z'yz;l) . (60)
12a =

gy =

By a completely analogous derivation we have

/"zcy2 dy =

b;

wit)y; (t)yi(t) dt

\H

1
= / ooy A+ 0 — 2i0)) (Wi + (i — %i-1))* (i — vio1) dt
0
1 2
= E(yz — Y1) (Wi Bri1 + 1) + 2y ayi(wi1 + x4)
+ Y (wim1 + 32,)) - (61)
Therefore, again after removing all canceling and telescoping terms, we have

1 n
Qyy = 5 (%2—1 + Yi—1Yi + ?J?)(xz‘—lyz‘ — Tilio1) - (62)
12a =

In order to calculater,,, we need to compute the following terms:

—/xy2 dr and /xzy dy . (63)

Obviously, the first term is just the negative of (61) With — y;_1) substituted by{z; — x;_1).
Analogously, the second term is the negative of (59) With- ;) substituted byy; —y;_1).
Thus, we have

1
1 / —zy? dx + vy dy

BT iy Wi Ty — BTy — XYy + 2% Y Y + 20T Y

48(

13



— 20 1T Yi — 20 1Yi + T Y; + 3Ty — T Tyr — 3T5Y;

+ 327 Yiayi + Ty — 3Ty — T Vi Y 2% 1Ty 1Y + 2T 12y

— 2% Ty — 2T XYY Y1 + 3Ty — Ty — 3T Yio1ys)
1

- 4_8< T Yy + 207y y7 — Aviaziyl g+ Aviamy? — 207y7 ) — Aiyioay)
— 2—14(2:701‘_1%—1 + 21y + 2y + 22y (Tio1ys — Y1) - (64)
Therefore,
1
T 2 z‘:1(2xi71yi71 + i1y + TiYio1 + 229:) (Tio1Yi — TiYio1) - (65)
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